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1 Formalism and Code Debug

We consider that at each physic step t ∈ [t, t+ δt] the vertical velocity w′ is
represented by a weighted Cn sum of series of (where n ∈ N) monochromatic
waves wn:

w
′
=
∞∑
n=1

Cnwn (1)

Where,
∞∑
n=1

C2
n = 1 (2)

∀ n ∈ N , the monochromatic wave wn is as follows:

wn = <{ŵn(z)ez/2Hei(knx+lny−ωnt)} (3)

<: the real part of the equation
z: altitude, z = Hln(Pr/P ). P pressure and Pr pressure at the reference

altitude.
H: atmospheric scale height
i: imaginary index
x: east
y: north
kn ∈ [kmin = 2E − 5, kmax = 7E − 4]: east horizontal wave number.

kn = N/ur . Where N is the Brunt-Vaisala frequency and ur should at
the magnitude of the zonal wind at the reference (launch) level. Thus the
wavelength of the GW is λ = 2π/kn.

ln: north horizontal wave number
ωn: frequency
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t : time
ŵn(z): vertical wind amplitude at altitude z
To evaluate the wave wn, we will impose its amplitude ŵn randomly at

a given launching altitude z0, and then iterate from one model level, z1 , to
the next, z2 , by a Wentzel-Kramers-Brillouin (WKB) approximation:

ŵn(z2) =



0 Ω(z2)Ω(z1) < 0

ŵn(z1)
√

m(z1)
m(z2)

e

(
−i

z2∫
z1

[
m(z)−iµm(z)3

ρΩ

]
dz

)
ŵn(z2) < ŵn,s

ŵn,s ŵn(z2) ≥ ŵn,s

(4)

m(z) = N |~k|
/

Ω is the vertical wave number [1], with N2 = g/T [dT/dz+
g/Cp] represents the Brunt-Vaisala frequency (code: N2 = g/T [dT/dz +

g/Cpnew] and N =
√
N2 . Notice here the g could be a bug for other

planets like Jupiter). |~k| is the amplitude of the horizontal wave number kn.

Ω = ω−~k~u is the intrinsic frequency with ~u the zonal wind. µ is the vertical
viscosity and ν = µ/ρ called kinematic viscosity (dissipation term, tunable).
The ŵn,s is the saturation amplitude of a monochromatic wave, which equals
to:

ŵn,s =
Ω2

|~k|N
e−z/2HSc

k∗

|~k|
(5)

Sc is the saturation parameter that can be given in the program [2]. k∗ =

Min(|~k|, 1/
√

∆x∆y). ∆x and ∆y is the grid intervals of the model. The
term e−z/2H is to take the density decrease effects into account.

By its definition, the Eliassen-Palm (EP) flux (vertical momentum flux
of waves) at the lauch level is as follows [3]

~F z(k, l, ω) = <
{
ρr
~̂uŵ∗

2

}
= ρr

~k

2|~k|2
m(z)|ŵn(z)|2 (6)

ρr is the mass density at the real altitude. We launch the waves at the top of
the convection layers ( p(luanch) = p(ll)ifp(ll)/p(1) >)a tunable constant
depends only the specific planet. The EP flux at the reference (launch) level

(~F r(k, l, ω) = <
{
ρr

~̂uŵ∗

2

}
= ρr

~k

2|~k|2
m(z)|ŵn(z)|2) is a tunable value.

Inserting (4) and (5) into (6), we have [4]

~F z2 =
~kΩ

|~k||Ω|
Θ[Ω(z2)Ω(z1)]Min

{
|~F z1 |e−2

µm3

ρΩ
δz, ρrS

2
c e
− z
H
|Ω|3k∗2

2N |~k|4

}
(7)

2



Here we have a big bug when we code the second term in Min{}
of the equation (7), which in the code it is:

S2
c e
− z
H
|Ω|3k∗2

2N |~k|4
(8)

The term should be :

ρrS
2
c e
− z
H
|Ω|3k∗2

2N |~k|4
(9)

where the ρr is the density at the launch altitude(For a special case
VENUS or Earth, it is approximate 1. However,other planets are
not 1).

Another big bug is trying use pressure to represent ρ in the first term of
Min{} of the equation (7). It is coded as:

|~F z1|e−
µm3pr

2pΩ
δz (10)

where the pr and p is the reference pressure and real pressure at
the specific locations, respectively. It works only in Earth and Venus
where pr

p
= ρrTr

ρT
. The Tr and T are similar and ρr approximates 1. However,

it will cause sever problems for other planets, in which it makes the critical
levels higher than the normal case. Thus real ρ should be used here like
equation (7).

Thus we can calculate the EP flux by iteration loop from layer z1 to z2,
in which δz = z1 − z2 and zave = (z1 + z2)/2. Then the tendency −1

ρ
dF
dz

=

−1
ρ
dρ~̂uŵ∗

dz
caused by the waves is as follows:

−1

ρ

dF

dz
= −1

ρ

δF

δz
= −1

ρ

~F z2 − ~F z1

z2 − z1
(11)

Here the code use g/dp = −1/ρdz to replace. Thus it is a potential bug if
the g of the target planets is very big or changes a lot from surface to upper
atmosphere. In this case , we should use real density to program here.

Once the tendency is evaluated, we use AR1 to calculate the effects on
the zonal wind[5](

∂~u

∂t

)t+δt

GW

=
δt

∆t

1

M

M∑
n=1

1

ρ

dF

dz
+

∆t− δt
∆t

(
∂~u

∂t

)t

GW

(12)

Thus we have

C2
n =

(
∆t− δt

∆t

)p
δt

M∆t
(13)

where p = b(n− 1)/Mc is an integer.
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2 Other Potential Bugs

1. Every physiq call or physic-time the module starts to ”CHARGE” the
atmosphere with 8 waves, thus it depends on your physic steps. It takes
maybe several sols to complete the ”Charging” process that could generate
stable effects to the zonal wind and temperature. Therefore,

2. The run start at 0 for a whole year and the run use newstart-generated
start (separately ) will be not the same anymore.
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